PMA energy. Calculation of magnetic energy experienced by a single
electron.
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Geometry: The equilibrium magnetization is perpendicular to interface. The electron
experiences the demagnetization field Hyemag and the magnetic field Hso of the spin-
orbit interaction only in the perpendicular- to- interface direction (z-direction). There
is n0 Hyemag and Hso of in the in-plane direction (x-direction).

Part 1. Magnetic fields, which the electron experiences:

(field 1): External magnetic field, which is applied in both the perpendicular- to-
interface direction H, and in the in-plane direction Hy.

(field 2): Magnetic field of magnetization induced by all aligned electrons in a
nanomagnet. This field can be imagined as a magnetic field inside the magnetic dipole
induced by the electron spin. The average spin is a nanomagnet called the
magnetization M. The magnetic field of magnetization is linearly proportional to the
electron spin. In simplified units, the magnetic field induced by the spin equals to M.

(field 3) Demagnetization field Hgemag. The magnetic field, which is generated at
interface due to broken chain of aligned spins. The direction of Hyemag 18
perpendicular- to- interface and opposite to M. The Hgemag can be calculated as

demag :_k Mz (11)

demag
where Kgemag 15 the demagnetization factor. For an ideal plain film with an ideal
interface Kqemag=1 and there is no intrinsic field in a perpendicularly- magnetized film.
However, it is an unrealistic case. In a real nanomagnet the Kgemag 15 slightly smaller
than 1 ( Kgemag<1) due to the surface roughness and the surface imperfection.



(field 4) Magnetic field Hgp of spin- orbit interaction, which is a relativistic magnetic
field induced by an electrical field of atomic nuclear. It is directed along the orbital
deformation (the z- direction in this case) and is proportional to the total magnetic
field, which is applied along the x- direction.

= ks H,y (1.2a)

total
where Hiotar, 1s the total applied eternal magnetic field and kg, is the constant of the
spin-orbit interaction, which describes the strength of the spin- orbit interaction. In
general, the ks, is a diagonal matrix, because the direction Hgo is always along to
Htotal.

ko, O 0
ko=| 0 kg, 0 | (1.20)
0 0 Ky,
due to the fact that the spin-orbit interaction by itself cannot break the time-inverse
symmetry.

The kg, can be both positive, when Hy, is directed along Hior , and negative, when Hg,
is directed opposite to Higta

The total magnetic field Ho, 1s @ sum of external magnetic field H and the intrinsic
magnetic field induced by magnetization. Since the direction of the demagnetization
field is always perpendicular to the interface (along the z- axis), the intrinsic field iis
Hin=M,-Kdemag M. and, therefore, the spin- orbit field Hso in z- direction can be
calculated as

Hso,z:kso,z'Hmmz,z:kso (H +Hmtrz) kso (H +(1 kdcmag) ) (1'2)

In the direction along interface (the x-direction) , there is no demagnetization field
and the intrinsic field just equals to the magnetic field M of the magnetization. he
spin- orbit field Hgp in z- direction can be calculated as

HSO,z:kSO,x.H _k (H +H1ntrx) kO,x'(Hx—'—Mx) (12)

total ,x

In the case of zero orbital moment, the magnetic energy of an electron is a product of
the magnetization M and the total magnetic field, which the electron experiences:
H+M+ Hdemag + HSO

The magnetic energy can be calculated as
—Energy = Ha,, M=H M +H, M = (Energyx + Energyz) (1.3)

all,x all,z
Substituting Eq.(2) into Eq.(3), the magnetic energy from z- components is calculated
as
—Energy, = (HZ +M_ +H

demag

+Hso,z)'Mz =
= (. +M. K

demag

(k) [H (1) M. ] .

M, kg, (H,+ (1= Ky ) M. ))- M. = (1.4)

The magnetic energy from x- components is calculated as
—Energy, =(H,+M +Hg, )-M, =(1+k, )(H +M)-M, (15)



Addition of Eq.(1.4) and (1.5) gives
~Energy =(1+k, )(H +M)-M +(1+k, ) H. +(1-k

50,X demag)sz|.Mz (16)
Eq.(1.6) can be rewritten as

~Energyl =(H,+M,)- M, +(1+k, )| H. +(1=ky,, ) M. |-M. (1.6n)

demag
where
I+k,,
(1+kso)zﬁ (1561)
Energylz(i’jeT’gy) (1.5b)

Eq.(1.6n) can be simplified as
—~Energyl = M* + HM +(1+k, ) HM, + M2 ((1+k,, ) (1= ke ) —1)  (1.6d)

where absolute value of Magnetization, which does not change when the
magnetization is tilted, is calculated as

M=M?+M? (1.7)

(Note): The magnetic energy is negative,
(Note) The magnetic energy is of the same form when kg, x=0 and kg, ,= kso

Part 1a. Approximation and limitations of the model

(approximation 1) Demagnetization field in the in-plane direction (the x-direction) is
ignored as if the nanomagnet is infinitely wide

(approximation 2) It is assumed that the demagnetization field is the same at interface
and in the bulk of the nanomagnet.

(approximation 3) It is assumed the linear depence of the magnetic field of the spin-
orbit interaction vs the total external magnetic field.

Hy,=kg,-H,,., (1-2‘1)
and the non-linear dependence is ignored.

Part 2. Thickness dependence of the SO interaction

The magnetic field of the spin- orbit interaction Hgo is the local magnetic field and is
not global. It means that each electron experiences a substantially different Hgo
depending on the orbital symmetry and the orbital deformation. Often ever two
neighbor orbitals experience substantially different Hgo. Usually the Hgg is very
different for an orbital deep in bulk and for an orbital at the interface due to a different
orbital deformation and orbital symmetry.



The exchange interaction strongly bounds magnetic properties of different orbitals in
a nanomagnet. Then, the average or effective magnetic field of the spin-orbit
interaction determines the magnetic properties of the whole nanomagnet.

Then, the nanomagnet as one object interact with the external magnetic field (SO part)

as
Hgo =kgo H o (2-0)
The effective constant of the spin-orbit interaction

kso,hulk L+ kso,interface ’ tso,interface (2 1)

t+t

s0
so,interface

where t is the film thickness, tso interface 1S the effective thickness at interface, where the
SO is different from the bulk value; Eq.(2.1) can be further simplified as:

t

kso,bulk ¢ + kso,interface k

k _ so,interface _ k so.interface kSO,b"”‘ (2 la)

) ¢ — "so,bulk ¢
+1

+1
t

so,interface

t

so,interface

From Eq. (2.1a) the coefficient of the SO interaction can be expressed as

kso = kb +? (22)

I

where the relative film thickness
(= L 41 (23)

and k; is the difference between SO coefficient at the interface relatively to the bulk
SO coefficient

ki = kx(),inlerface - kso,hulk (24)
and ky, is the SO coefficient in the bulk
kb = kso,bulk (25)

so,interface

Part 3. Equilibrium state. There is no an external magnetic field. Critical
thickness for equilibrium magnetization direction.

In the case H=0, the magnetic energy is calculated from Eq.(1.b) as
~Energy =M’ + M ((1+k,, ) (1= ke )-1)  (3.1)

There are two possible cases:
(case 1) Equilibrium magnetization is in-plane
That is the case when

(14 k) (1= kg )-1<0 (3.3)

and the minimum energy corresponds to
M_=0 (3.4)

Since

0<1—kypee <1 (3.3a)

(3.3) gives



(1+kw)<1;

- demag

(3.3b)

From (3.3b), the condition for the in- plane equilibrium magnetization is

k
k, < 10’# (3.30)

The case of the in-plane equilibrium magnetization is when k is whether negative or
positive, but small

- demag

(case 2) Equilibrium magnetization is perpendicular-to-plane
That is the case when

Koy = e~ Kaomacksy >0 (3.5)

S0 demag - demag " so

and the minimum energy corresponds to
M.=M (3.6)

From (3.5) the condition for the perpendicular- to- plane equilibrium magnetization is

k
k, >—="%— (3.7)

SO

demag

The case of the perpendicular- to -plane equilibrium magnetization is when k is
positive and larger than

The critical thickness teitical, at Which the equilibrium magnetization changes from the
in-plane to the perpendicular-to-plane direction, can be calculated from condition

k

=g (3.7a)

1 - kdemag

The SO coefficient, at which equilibrium direction is change from in-plane to

erpendicular-to-plane direction, is defined as the critical SO coefficient

k
_ _demag (3.7b)

kxo ,C 1
- demag

Substitution of Eq.(2.2) into Eq.(3.7a) gives

k k,
k i — emag 3.8
0t 1-k (3:8)

critical demag

where teriical 1S the critical relative thickness, at which equilibrium direction is change
from in-plane to perpendicular-to-plane direction,
From Eq.(3.8) the critical thickness can be calculated as
ki
tr,critiual = k— (3 N 10)
demag
_demes__ k.

1-k

demag

when there is no bulk anisotropy ky=0

_ K1 i) (3.11)

critical k
demag

Also, Eq.(10) gives the relation



kema ki
1_”}( =k (3.10a)

demag critical

Part 4: PMA. There is no perpendicular external magnetic field H, =0

PMA: Perpendicular magnetic Anisotropy
Case of a nanomagnet, the equilibrium magnetization of which is perpendicular to the
plane.
In this case the magnetic energy is calculated as

~Energyl =M? + M} + H M, +M?((1+k, ) (1=K )-1)  (4.1)
Under an in-plane magnetic field the magnetization M does not change its magnitude,
but only it changes the direction. Therefore, M*> = M? + M is a constant and

independent of Hy

Eq.(4.1) can be written as
—Energyl =M’ + H M, +(M’ - M )((1 +k,)(1- kdemag)—l) (4.2)

The equilibrium magnetization direction corresponds to the minimum magnetic
energy. Minimizing the energy with respect to My gives

_ OEnergyl
oM .
The solution of Eq.(4.3) is

0 =H -2M. ((1+kw)(1—kdemag)—1) (4.3)

Mol (44
M Ham'

where the anisotropy field H,y;s is calculated as

H

= 2M (14, ) (1= Ky )=1)  (4.5)

(physical meaning of anisotropy field): Anisotropy field is the in-plane magnetic filed,
at which magnetization is fully turns in plane.

anis

(important property of anisotropy field): Eq.(4.4) shows that the in-plane component
of magnetization My is linearly proportional to in-plane component Hy of magnetic
field. Since a linear fitting gives a relatively high precision, a measurement of the
anisotropy field is a highly reliable with a high precision.

(property 1 of H,,i) The anisotropy field Hay; 1s linearly proportional to the
magnetization M.

(property 2 of H,ni) Hani increases when the coefficient of spin-orbit interaction kso
increases.

(property 32 of Huyi) Hani decreases when the demagnetization coefficient Kgemag
increases.

Substitution of Eq.4.5 into Eq.1.6d gives magnetic energy E as



2
-E=M"? +%(%j +HM +(1+k,)HM_ (1.6e)

According to condition (3.5), the anisotropy field is positive for a nanomagnet with
perpendicular- to- plane equilibrium magnetization.

Eq (4.5) can be simplified as
H,,, =2M (k,(1-k Kimes ) (4.50)

demag ) -

Substitution of Eq.(3.7b) into (4.5a) gives

anis :2M'kdemag(kkm _IJ (45b)

s0,¢

anis

H

Substitution of Eq.(3.10a) into Eq.(4.5a) gives the dependence of the anisotropy field
on the critical thickness as

H,, =2M 1=k, |k, —k +—5 | (4.5
. (4.5a)

r,critical

H,, =2M ([kb +?j(1—kdemag)—kdemag] (46)

I

Substituting (3.8) into (4.6) gives the thickness dependence of the anisotropy field
k

H, = 2M (1=K ){[kb +’t‘—] —(k,, +— D (4.7)
r r,critical
Simplification of Eq.(4.7) gives the thickness dependency of the anisotropy field as

b1 J (4.8)

Hmm =2M 'ki (1 _kdemag ){;_ t

r,critical

The anisotropy field increase when the nanomagnet thickness decreases. The increase
is linearly proportional to 1/thickness.

From an experimental measurement of anisotropy field vs. 1/t, the critical thickness
can be found.

Part S. Energy of Perpendicular Magnetic Anisotropy (PMA)

From Eq. (4.5)

%:(1—kde,nag)(1+km)—1 (5.1)

Substitution of Eq.(5,1) into Egs.(1.4) gives the energy as



—Energy, =M’ +[(1+km)HZ +%%}-MZ

—Energy, =(H,+M)-M, (5.2)
Energy = Energy + Energy.

or

2
H anis M z

—Energy=M*+H M +(1+k,)H_-M, v (5.3)

N

When there is no external magnetic field Hy=0; H,=0, the magnetic energy is
calculated from Eq.(5.3) as

Energy =M* +% (5.4)

If we can switch off the spin- orbit interaction kso=0 and demagnetization field
Kgemag=0 (just imagine it), Hso becomes zero and the magnetic energy is calculated as

Energy =M"* (5.5)

The PMA energy Epuma is defined as an energy, which is induced by the spin-orbit
interaction minus demagnetization. Comparison of Egs.(12) and 813) gives the PMA
energy as

H, M

Ep :T (5.6)

(note) The anisotropy field is the parameter, which characterizes the PMA energy.

Another way to define the PMA energy: (less correct)

The PMA energy can be also defined as an energy, which is required in order to turn
the magnetization fully in-plane.

The external in-plane magnetic field, which is required to turn the magnetization into
the in-plane direction, equals to the anisotropy field.) Therefore in this case Hy=Hgnis
M;=M M,=0 and from Eq.(5.3) the magnetic energy becomes

Energy=M>+H,k M (5.7)

anis

The difference between magnetic energies Eq.(5.4) and Eq. (5.7) is
M (58)

which is exactly equals to the PMA energy Eq.(5.6)

It means that the difference of magnetic energies for case when magnetization is in-
plane and perpendicular to plane can be calculated as the energy spent by applying
Hy:. The same difference can be calculated by the integration:

anis

dEnergy =



Hams Huni:
Epy= [ M-dH= | M, -dH, (59)
0 0

The integration (5.9) often used to evaluate the PMA energy from measured
dependence of Mx vs Hx.

(Note) Calculation of Epya for more complex cases by this method may give a
systematic error (See details here:). It is much more reliable to use the 1st method
when Epma is calculated simply by setting kso=0 and Kgemag=0

Part 6: PMA. There is a external magnetic field in both the perpendicular-to-
plane and in-plane directions H, # 0 Hy # 0

Case of a nanomagnet, the equilibrium magnetization of which is perpendicular to the
plane.

Substitution of From Eq.(4.5) into Eq.(1.6d) gives the magnetic energy as
(0) 2

—Energyl=M>+H M +(1+k,)H. -M, +HTMW (6.1)

where H'") is the anisotropy field in absence of the perpendicular magnetic field H,=0,

which is calculated by Eq. (4.5).
Under an external magnetic field the magnetization M may change direction, but it

does not change its magnitude. Therefore, M = M’ + M is a constant and

independent of H, and Hy. Then, Eq.(6.1) is simplified as
(0)

2 2
Energy=M’+H M, +%%+(1+kﬂ,)fzﬂ/w -M: (62)

The equilibrium magnetization direction corresponds to the minimum magnetic
energy. Minimizing the energy with respect to My gives the condition

OFEnergy M 2M
0=——2==H -H" —~_(1+k_ )H ——— (6.3
aMx X anis M ( + .m) z ZW ( )
The solution of Eq.(6.3) is
H M, M H.
H‘(ISI_S = IY; 1+(1+k‘m)\/M2 —M2 Hsgl)s (64)

Even though the dependence My vs Hy deviates from linear, it is close to a linear
dependence and can be expressed similar to Eq.(4.4) as

H M
70w (65)

anis

in which the anisotropy field depends on H, and can be calculated as




HE) — g 14 I+k, H, (6.6)

anis anis 1 MX > H (g ’(:I)S
M -

Substitution F:q.(6.5) into Eq. (6.6) gives

g _go | A, H

. | ——— | (67)
anis anis ) Hésl)r (
1 ( x }

When the applied in-plane magnetic field is much smaller than the anisotropy field
H << H!") (6.3)

anis

Eq.(6.7) becomes independent of Hy and is simplified to

H
= ) | (69)
When condition (6.8) is not the case and the non-linear contribution of the
dependence My vs Hy (Egs. (6.5,6.6) ) is substantial, Eq. (6.7)) can be solved by an
iteration starting from Eq.(6.9)
From Eq (6.9), the anisotropy field under perpendicular magnetic field H, can be
express as

HY —H =H® +k,-H. (6.10)

anis anis

where
Ho =2M((1+km)(1—kdmg)—1) (4.5)

is anisotropy field when H,=0.
From a linear fitting, an experimental measurement of H,;;-H,, both H 0

e and kg, can
be evaluated
Substitution Eq.(2.2) into Eq.(6.10) gives the nanomagnet-thickness dependence of

the anisotropy field as

anis anis

A" —H =H +(k,, +%)~HZ (6.11)

When the magnetization M, the coefficient of spin-orbit interaction and the anisotropy
field are measured experimentally, the demagnetization factor can be evaluated from
Eq. (4.5) as:

10



(0)
1 + anis

2M
k =]1-—== (6.12
demag 1+k, (6:12)

Effective internal field

Even in absence of the external magnetic field H,, there is an intrinsic perpendicular —
to- plane magnetic field Hy iy, which holds the magnetization along the easy axis in
the equilibrium. Then, the anisotropy field can be calculated similarly to Eq.(6.10) as:

HY) =(1+k )(H.+H_,) (6.14)

anis SO

where H, is the external magnetic field and H, iy is the internal magnetic field

Comparison of Eqs.(6.10) and (6.14) gives

HO) =(1+k,)-H

anis

(6.15)

z,int

From (6.15) the effective internal magnetic field H, ;,; can be evaluated as

(0)
= Mo (6.16)

H =
z,int (1+k50)

Part 7. In-plane equilibrium magnetization. There is no perpendicular external
in-plane magnetic field H,=0

Case of a nanomagnet, the equilibrium magnetization of which is_in-plane
In this case the magnetic energy is calculated from Eq. (1.6d) as

—~Energyl =M +(1+k, ) HM_ + M2 (14, ) (1= Ky )-1)  (7.1)

The equilibrium magnetization direction corresponds to the minimum magnetic
energy. Minimizing the energy Eq.(7.1) with respect to M, gives

OEnergyl
0 =$ = (1+k, ) H, +2M, ((1+h, ) (1=K pe ) =1) (7.3)

z

The solution of Eq.(7.3) is

M. _ 1. (74
M Hani
where the anisotropy field H,y;s is calculated as
H, = li—j\l/jw(l—(l +km)(1—kdmg)) (7.5)
or
2M

H, = m(kdemag _kso (1 _kdemag )) (7.5a)

11



Substitution of Eq.(2.2) into Eq.(7.5a) gives the thickness dependence of the
anisotropy field as

2M k.
Han[ z—k[kdemag _(kb +71j(1_kdemag )j (76)

1+kb+7"

Substituting (3.8) into (7.6) gives

2M (1-k,
H, = 2 (1K) dkg) ([kb + j— (kb +EJJ (7.7)
1+ kb + 7’ tcritical t

or

2M (1-k k.
Hani = ( den}zg) : ( ! _lj (77)
1+k, +7" ! !

critical

The anisotropy field increase with an increase of nanomagnet thickness.

When there is no any SO interaction kso =0, Eq.(7.5a) gives
H,, =2M -k, ~2M (7.10)

emag

Part 8: In-plane equilibrium magnetization. There is a external magnetic field in
both in-plane and perpendicular-to-plane directions H, # 0 Hy # 0

Case of a nanomagnet, the equilibrium magnetization of which is in-plane

The substitution of Eq. (7.5) into Eq.(1.6d) gives
(0)
—Energyl=M*+H M +(1+k,)HM_—-M:(1+k, )ZI—M (8.1)

where

2M
H o = ﬁ(l ~(1+k,, ) (1= Ko ) (7:5)

SO

is the anisotropy field when Hy=0. Using M = M’ + M’ Eq(8.1) is simplified to

H, (1
~Energyl =M’ + H \JM* =M +(1+k,)H. M, —%MZ (8.4)

The equilibrium magnetization direction corresponds to the minimum magnetic
energy. Minimizing the energy with respect to My gives

OEnergyl 2M H,.0 (1 +k,, )
0= —_H z Ik, ) H, ——202 "ol pr (8.5
oM. NITEEVE Hk - 5
or

12



(1+k\0)H = . Hani,O (1+ks0)+—x (85(1)

z

Solution of Eq.(8.5) can be expressed as

H M
H(;‘) - 7 (8'6)

anis

where the anisotropy field is calculated as

HY —H, 4 ah (87)

(1+k§0)\/1_[1‘]\4;j2

Substitution of Eq.(8.6) into (8.7) gives

Ay oLf (8.7a)

2
H
(HkSO)\/l_(H(’;'T)J

when the applied perpendicular- to- plane magnetic field H, is
H < H") (8.8)

anis

The anisotropy field is independent of Hz

g g (g
anis ani,0 + (1 + k‘m) ( )

The anisotropy field is linearly proportional to the applied external magnetic field Hy.

Part 9. Energy barrier for the magnetization switching
This is the case when a magnetic field is applied along the magnetic easy axis
(perpendicularly to the film) ( H,=0 H,=H), the energy is calculated from Eq.(1.6d) as

—E =M +(1+k, ) H-M_+ M ((1+k, ) 1=k, ) ~1) (1.6€)
~E =08 (0):| M (144, ) (1=K ) 1) |+ 08 () [ (14 &, )M - H ]+ M* (L6/)

where 0 is the angle between the magnetization M and the film normal,
Substitution of Eq.(7.5)
2M

e B2 (1 1) 09

S0

into Eq.(1.6f) gives
-E:cosz(a).[%(l%)zw}+cos(e)[(1+km)M.H]+M2 (1.62)

13



or

—ﬁ =cos’ (6’)-%+cos(9)~H+const (1.6g)

The maximums and minimums of energies can be found from the condition

0= %(ﬁ} =-2sin(8)cos(6)- Hz‘"’" —sin(6)-H (9.1)or

The energy maximum is at the magnetization angle 0,,ax
cos(0,,.)= A (9.2)

max

In the case when the external field H is substantially smaller than the anisotropy field
Hani, the magnetization angle of the maximum energy is closed to the hard axis
direction O, ~ +90 deg and -90 deg.

Substitution of Eq. (9.2) into Eq.(1.6g) gives the maximum energy as

2
—Emaxz(%) -{%(Hkm)M}—%[(H@)M.H}MZ (9.3)
or
—E,.. :i(1+kw){iMI;""" —M-H}rMZ (9.3a)
N
—E__ :—Hi(ukm)M'H+M2 (9.30)

ani

The energy minimum is at 6 min=0 and 180 degrees, the minimum energy is

—Emm=[%(H&O)M}[(H&U)M-H}FMZ (9.4)

The energy barrier is a difference between the minim and maximum energy

E,.=E_ -E._ :Hi(ka)M - +{%(l+km)M}+[(l+km)M -H] (9.5a)
Or ant
LT VI IO D

The magnetization switching occurs at magnetic field equals to the coercive field H,
which is substantially smaller that Hypi. (He << Haypi) In this case

a4 Ny (k) MH (9.6)

-
barrier S0

Note it is the energy barrier in the case when the magnetic field is along the easy axis
and the magnetization direction is changing. It means that it is the case of the
magnetization precession.
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Part 10. Comparison of this full model with the oversimplified Neel model
L. Néel, Adv. Phys., 1955

In the Neel model, the magnetic energy is described as
2
M S
E-E,, (ﬁ} wii-A(10.)
where M is the magnetization, H is external magnetic field M, is the magnetization

component along the easy axis and My is the magnetization component along the hard
axis. Eq. 10.1 can be wrote as

M 2
-E=E,,, (ﬁj +M_H_+M H_ (10.1a)
This full model describes the magnetic energy is described as Eq. (1.6d)
—E =M ((1+k, ) (1= kg ) =1) + (14 &, ) H M, + HM, + M (10.2)
Comparison of Egs.(10.1a) and (10.2) gives
Eppyy =M (14K, ) (1= kg )-1) (10.2)

From comparison of the 2" and 3" term, it can be concluded that the oversimplified
Neel model are fully identical when the coefficient of the spin-orbit interaction equals
to zero:

k,=0 (103)

It is nearly the case for a single-layer ferromagnetic nanomagnet, but it is not the case
for a multilayer nanomagnet.
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